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Let G be a graph. Ohba’s conjecture states that if |V (G)| ≤ 2χ(G) + 1, then
χ(G) = χL(G). Noel, West, Wu and Zhu extended this result and proved that
for any graph, χL(G) ≤ max{χ(G), d(|V (G) + χ(G)− 1)/3e}. Ohba, Kierstead
and Noel proved that this bound is sharp for the ordinary chromatic number. In
this work we prove that both results hold for generalized colorings as well, and
find examples that prove the sharpness of the second one for the acyclic and star
chromatic numbers.
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Introduction
One of the most studied topics in Graph Theory is graph coloring. The classical
question in graph coloring is what is the minimum number of colors needed to
color the vertices of a graph so that two adjacent vertices do not get the same
color. This number is known as the chromatic number of a graph. The appeal
of graph coloring is probably the simplicity of the statements of the problems.
However, it is often the case that the solution to coloring problems is not simple.
Probably the most famous example of this fact is the four color theorem: it
states that any map in a plane can be colored using four colors in such a way
that regions sharing a border do not share a color. In terms of graphs, this means
that the chromatic number of a planar graph is at most four. This result was
first conjectured by Guthrie in 1852, but it was not until 1977 that Appel and
Haken constructed a computer-assisted proof of the theorem.
A variant of the classical coloring of graphs is the list coloring of graphs. Intro-
duced by Vizing [17] and Erdo˝s, Rubin and Taylor [4] independently, it is the
same problem but restricting the set of possible colors that can be used for each
of the vertices. This version of graph coloring has several motivations, such as
completing the coloring of a graph that has already been partially colored, or the
frequency assignment problem in mobile communications. There is a large liter-
ature on list colorings, also known as graph choosability. Some extense surveys
on the topic can be found in Alon [1] and Woodall [18].
The list chromatic number of a graph is the minimum number t such that as-
signing any t colors to each vertex there is a coloring of the graph in which each
vertex receives a color from its list. The gap between the chromatic number and
the list chromatic number can be really large in some graphs. For example, the
complete bipartite graphs Kn,n (all pairs with one element in each of two sets of
size n as edges) have chromatic number two while their list chromatic number is
an increasing function of n. There are several results and conjectures about un-
der which conditions these two parameters are equal. Arguably the most famous
one is the List Coloring Conjecture, that states that line graphs have equal chro-
matic and list chromatic numbers. This thesis concerns another such conjecture,
Ohba’s conjecture, which states that the list chromatic number and the ordinary
chromatic number coincide when the latter is larger than half the order of the
graph. Ohba’s conjecture attracted a lot of interest. After several attempts it
was proved asymptotically by Reed and Sudakov [16] by probabilistic methods,
deserving an invited address at the International Congress of Mathematics in
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22002. The conjecture was eventually solved in 2014 by Noel, Reed and Wu [11]
by using purely combinatorial methods.
Motivated by many different theoretical and practical reasons, there is a large
amount of generalized chromatic numbers, including acyclic chromatic numbers,
k-distance chromatic numbers among many others. A large family of them can be
described in a general framework stating the minimum colors a subgraph must
have. Another family are related to graph homomorphisms. In this work we
focus precisely on the acyclic and star chromatic numbers, first introduced by
Gru¨nbaum [7], as well as the ordinary chromatic number.
Ohba’s conjecture gives the list chromatic number when the chromatic number is
half the order of the graph. Another result by Noel, West, Wu and Zhu [12] gives
a bound on the list chromatic number when the chromatic number is close to half
the order of the graph. The main contribution of this Thesis is to provide a proof
of Ohba conjecture for all classes of chromatic numbers. We focus on acyclic
and star chromatic numbers, where every pair of color classes induces a forest or
a star forest respectively, but our proof applies to any conceivable definition of
chromatic number which induces a partition on the vertex set of a graph.
In the first chapter we will introduce the necessary concepts of graph coloring
needed to understand the results, and present all the conditions under which it
is known for he chromatic and list chromatic numbers of a graph to coincide. We
will restate the theorems that we want to prove in terms of partitions of the vertex
set of a graph, which will allow us to prove them for any generalized coloring.
In the second chapter we will prove Ohba’s conjecture for generalized colorings.
The proof is adapted from Noel, Reed and Wu’s proof [11], and the key idea is
to define a bipartite graph that encodes a list assignment of a graph in which
an acceptable coloring corresponds to a matching that saturates the graph. The
proof then relies on Hall’s theorem on matchings to find this.
In the third chapter we will prove the other result by Noel, West, Wu and Zhu
that deals with the case of graphs with a chromatic number close to half the order
of the graph. The key idea is the same as for the proof of Ohba’s conjecture, and
in the end the problem is again reduced to finding a matching in an adequately
defined bipartite graph.
In the fourth chapter we will see examples that show that Ohba’s conjecture gives
the best possible bounds for the ordinary, acyclic and star chromatic numbers.
In the case of the ordinary chromatic number we also give an example that shows
that the second result that we prove is also the best possible bound.
The last Chapter of the Thesis contains some final conclusions and comments on
further work on the area.
Chapter 1
Colorings and list colorings of
graphs
The goal of this work is to prove a theorem on list colorings for a more general
notion of vertex-coloring of a graph. This chapter presents the basics of graph
colorings and list colorings and defines the concept of f -colorings. We give some
context to the results that we aim to prove, and state them in terms of f -colorings,
or partitions of the vertex set of a graph.
1.1 Graph coloring and list coloring
Let G be a graph. A vertex coloring of G is a map
χ : V (G)→ [k] .
The coloring is proper if no edge is monochromatic, that is if adjacent vertices re-
ceive different colors. The chromatic number of G, denoted χ(G), is the minimum
number of colors in a proper vertex coloring.
Let L(v) be a list of colors associated to each vertex v ∈ V (G). A list coloring of
G is a proper coloring χ such that
χ(v) ∈ L(v) for every v ∈ V (G).
G is k-choosable if for every family of lists {L(v) : v ∈ V (G)} with |L(v)| ≥ k,
there is a list coloring. The list chromatic number χL(G) of G is the minimum
integer k such that G is k-choosable.
In general, the list chromatic number of a graph is larger than its chromatic
number. An easy example of this fact is the complete bipartite graph K3,3,
shown in 1.1. Let {u1, u2, u3} and {v1, v2, v3} be the two stable sets of K3,3, and
define the list assignment L as
L(ui) = L(vi) = {1, 2, 3} \ {i}.
3
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Then there is no proper vertex coloring that assigns to each vertex a color from
its list. In fact, there are bipartite graphs with arbitrarily high list chromatic
{2, 3}
{1, 3}
{1, 2}
{2, 3}
{1, 3}
{1, 2}
Figure 1.1: A bipartite graph with list chromatic number 3.
number. Alon [1] shows that for bipartite G, χL(G) is bounded from below by a
function of the minimum degree ∆ = ∆(G) which goes to infinity as ∆→∞. In
view of this gap between the parameters χ(G) and χL(G), the following question
arises: under which conditions is there equality of chromatic and list chromatic
numbers?
There are many conjectures that give conditions on a graph so that χ(G) =
χL(G). The most famous of these is known as the List Coloring conjecture,
suggested by various researchers, that was published for the first time by Bolloba´s
and Harris [2].
Conjecture 1.1 (List Coloring Conjecture). If G is a line graph, then χ(G) =
χL(G).
The line graph L(G) of a graph G is the graph that has a vertex for each edge of
G, and in which two vertices are adjacent if the corresponding edges of G shared
a common endpoint. A special case of this conjecture was proved by Galvin [5].
Theorem 1.2 (Galvin). If G is the line graph of a bipartite graph, then χ(G) =
χL(G).
A graph is claw-free if it does not contain K1,3 as an induced subgraph. In
particular, line graphs are claw-free, so the following conjecture (see [6]) would
imply the List Coloring Conjecture.
Conjecture 1.3 (Gravier and Maffray). If G is a claw-free graph, then χ(G) =
χL(G).
This thesis concerns the Ohba conjecture, which is another particular case in
which χ(G) = χL(G) and which we discuss in the next section.
1.2 The Ohba conjecture and beyond
Erdos, Rubin and Taylor [4] obtained in a paper an interesting example of a
graph G such that χ(G) = χL(G) = k. That was the case of the k-partite graph
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K(2, 2, ..., 2), consisting of k sets of cardinality two and all edges joining vertices
in distinct sets. This example inspired Ohba [13] to conjecture the following.
Conjecture 1.4 (Ohba). If |V (G)| ≤ 2χ(G) + 1, then χ(G) = χL(G).
The intuition behind this statement is that if the chromatic number of a graph is
large (larger than half the number of vertices) then the list chromatic number will
not be larger. If the conjecture proved true it would be the best possible bound,
since there are examples of graphs on 2χ(G)+2 vertices such that χL(G) > χ(G).
We show an example of this fact in Chapter 4.
In the paper where this result first appeared, Ohba managed to prove that
χ(G) = χL(G) for graphs with |V (G)| ≤ χ(G)+√2χ(G). Reed and Sudakov [15]
improved this result and proved via a probabilistic argument that χ(G) = χL(G)
for graphs with |V (G)| < 5
3
χ(G)− 4
3
, and later, the same authors obtained in [16]
an asymptotic result by showing that χL(G) = χ(G) as long as n = (2−o(1)χ(G).
The conjecture was finally proved by Noel, Reed and Wu [11] some ten years
later. Their argument uses only Hall’s theorem on matchings, and as we will
show in the second chapter it can be adapted to prove that Ohba’s conjecture is
true for other chromatic numbers apart from the ordinary chromatic number.
When the chromatic number of a graph is not larger than half the number of
vertices but it is close, intuitively the list chromatic number should not grow too
large. Noel, West, Wu and Zhu [12] proved the following theorem.
Theorem 1.5. For any graph G,
χL(G) ≤ max{χ(G),
⌈ |V (G)|+ χ(G)− 1
3
⌉
}.
For graphs such that |V (G)| ≤ 2χ(G) + 1 this statement is exactly Ohba’s con-
jecture. The interesting case is when |V (G)| is not much larger than 2χ(G) + 2;
in this case the theorem says that the gap between the chromatic number and
the list chromatic number is not very big. More precisely, if n = χ(G) + t then
χL(G) ≤ χ(G) + d(t− 1)/3e.
The bound is also sharp for some graphs with|V (G)| ≥ 2χ(G) + 2. We will see
some examples in Chapter 4.
As it happens with 1.4, the proof of this theorem given by Noel, West, Wu and Zhu
can also be adapted to prove the result for other notions of chromatic numbers.
We will show this fact in Chapter 3.
1.3 Generalised colorings
Let G denote the class of graphs and f : G → N. An f–coloring of G is a vertex
coloring c such that, for every subgraph H ⊂ G,
|c(H)| ≥ f(H).
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In other words, every subgraph uses at least f(H) colors.
Several generalizations of the chromatic number fit into this framework. We are
interested in:
(i) the ordinary chromatic number corresponds to the function f(K2) = 2 and
f(H) = 0 for all H 6= K2: edges must receive at least two colors and nothing
else is specified.
(ii) the acyclic chromatic number corresponds to the function f(K2) = 2,
f(Cn) = 3 for every cycle Cn, n ≥ 3 and f(H) = 0 for every other graph:
every two colors induce a graph which can not contain a cycle, and the
coloring is proper.
(iii) the star chromatic number corresponds to the function f(K2) = 2, f(P4) =
3 and f(H) = 0 for every other graph: every two colors induce a graph with
no P4, namely a forest of stars, and the coloring is proper.
Of course the formulation allows for a very large class of colorings, for example
(iv) Distance k chromatic number: f(Pn) = min(k, n), k ≥ 2; here vertices at
distance at most k − 1 receive distinct colors.
(v) Generalized colorings for LowTreeWidth decompositions: f(H) = tw(H)
where tw(H) is the treewidth of H.
(vi) Generalized colorings for LowTreeDepth decompositions: f(H) = td(H)
where td(H) is the treedepth of H.
We wish to write a statement similar to Ohba’s conjecture for these general
notions of chromatic numbers. Note that an f -coloring of a graph G defines a
partition of the set of vertices V into color classes.
Let P = {V1, ..., Vk} be a partition of a set V . We say that P is L-choosable for
a given set L = {L(v) ∈ (N
t
)
: v ∈ V } of lists if there is a map
c : V → N
such that
(i) c(v) ∈ L(v) for each v ∈ V , and
(ii) the partition {c−1(i) : i ∈ C} is a refinement of P , where C = ⋃v∈V L(v)
denotes the list of possible colors.
We say that P is t-choosable if it is L-choosable for any set of lists, each of
cardinality t. When t = |P| we simply say that P is choosable.
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Thus, if a graph admits a chromatic partition which is χ(G)-choosable then its
list chromatic number coincides with its chromatic number. This adapts to any
generic notion of chromatic number.
The proof for Ohba’s conjecture extends to a proof of the following result.
Theorem 1.6. A partition P of a set V such that |V | ≤ 2|P|+ 1 is choosable.
This theorem implies that any kind of chromatic number coincides with the corre-
sponding list chromatic number as long as it has value at least (|V | − 1)/2. This
means that the Ohba conjecture holds for all these other notions of chromatic
numbers. We give a proof of this theorem in Chapter 2.
For the case |V | ≥ 2|P| + 2 we can also produce a statement similar to 1.5 in
terms of a partition of the set of vertices.
Theorem 1.7. Let P be a partition of a set V and t = max{|P|,
⌈
|V |+|P|−1
3
⌉
}.
Then P is t-choosable.
Again since any f -coloring induces a partition of the set of vertices, this result
implies that Theorem 1.5 is true for any f -coloring. We give a proof of this
theorem in Chapter 3.
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Chapter 2
Proof of Theorem 1.6
In this chapter we adapt a proof by Noel, Reed and Wu [11] to prove Theorem 1.6,
which implies Ohba’s conjecture for our generalized definition of f -colorings. We
use the notation χ(G) and χL(G) for the chromatic and list chromatic numbers
associated to these f -colorings, independently of the chosen f . We do this because
the proof is valid for all of them, since the list f -coloring found respects the
original f -coloring partition, or is a refinement of it.
2.1 Preliminaries
Let C = | ∪v∈V (G) L(v)| be the set of colors in our list assignment. We define
the following bipartite graphs that we wil use throughout the whole proof. Let
B be the bipartite graph with vertex set C ∪ V (G) and an edge between a color
c ∈ C and a vertex v ∈ G if and only if c ∈ L(v). In this graph a matching
corresponds to a partial list coloring of G. Let f : V (G) → N be a coloring of
G and Vf = {f−1(c) : c ∈ C} the color classes under f . We define Bf as the
bipartite graph with vertex set C ∪ Vf and an edge between a color c′ ∈ C and
a color class f−1(c) if and only if c′ ∈ ⋂v∈f−1(c) L(v). A matching in this graph
corresponds to a partial list coloring of G such that its color classes are contained
in Vf .
To find this matching the proof uses Hall’s theorem.
Theorem 2.1 (Hall). Let B = (X, Y ) be a bipartite graph. B has a matching
that saturates X if and only if for every S ⊆ X,
|S| ≤ |NB(S)|.
We consider G to be a minimal counterexample of the Ohba conjecture, and in
the end we will reach a contradiction. This G is a graph with n = 2k+ 1 vertices
such that it admits a proper coloring f : V (G) → [k]. G has χ(G) = k and
χL(G) > k, and Ohba’s conjecture is true for all graphs on fewer vertices. L
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is a list assignment of G such that |L(G)| ≥ k for all v ∈ V (G) and G is not
L-colorable.
The first step is to show that it suffices to prove the Theorem for lists which span
less than n colors. This lemma was proved independently by Kierstead [8] and
Reed and Sudakov [15] and is a standard reduction for minimal counterexamples
in choosability problems.
Lemma 2.2 (Small Pot Lemma). Suppose that, for every collection {L(v) : v ∈
V (G)} of lists, each with |L(v)| ≥ t elements and with a total number of colors
| ∪v∈V (G) L(v)| < n, there is an f -coloring where each vertex gets a color in its
list. Then χL(G) ≤ t.
Proof. Suppose χLa (G) > t. Then there exists a list assignment {L(v) : v ∈
V (G)}, |L(v)| ≥ t, for which there is no coloring where each vertex gets a color
in its list. Take one such assignment that minimizes |C|. If |C| < n we are done,
so suppose |C| ≥ n.
Let H ⊂ C be the minimum subset of colors that cannot be covered by a matching
in B. H is non empty, since we are assuming |C| ≥ n, and by minimality of H,
|H| ≤ |V (G)| otherwise there would be a matching in B saturating V (G) that
would correspond to a coloring of G in which each vertex gets a color in its list.
Again by minimality of H there is a matching M of size |H| − 1 with all edges
ending in H. Let W ⊂ V (G) be the subset of endpoints of M in V (G). Note
that |W | = |N(H)|, so we have that for all v ∈ V (G) \W , L(v) ∩H = ∅.
We define a new list assignment L′ in the following way. Let u ∈ V (G) \W . For
v ∈ W L′(v) = L(u), and for v /∈ W L′(v) = L(v). Let C ′ = |∪v∈V (G)L′(v)|. Since
the list L(u) used to define the new list assignment was disjoint with H we have
that |C ′| < |C|, and so by minimality there is a coloring that is acceptable with
respect to the list assignment L′. That means we have a coloring of V (G) \W
with the original list assignment L that does not use the colors in H, which can
be extended to a coloring of G with the assignments for W given by the matching
M .
Corollary 2.3. Let G be our minimal counterexample, f the given coloring of
G with k colors. Suppose that there is a monochromatic class with two elements.
Then χ(G) ≤ k.
Proof. The proof is by induction on n. By the Lemma we may assume that the
total number of colors is at most n − 1. Suppose that one monochromatic set
has two elements {x, y}. Then L(x) ∪ L(y) < n and L(x), L(y) ≥ k implies that
L(x) ∩ L(x) 6= ∅. Let c be a color common to the two lists. Remove this part
and c from all lists of remaining lists. By induction, the resulting graph can be
colored with the given lists. This coloring can be extended to the pair {x, y} by
assigning the color c to them.
So in the given coloring of our minimal counterexample for the Ohba conjecture
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there are no color classes of size two. We can also see that in a non-singleton part
of G the lists of all vertices have empty intersection.
Lemma 2.4. If P is a part of G such that |P | ≥ 3, then ⋂v∈P L(v) = ∅.
Proof. Suppose that a non-singleton part P has a common color c in all its lists.
Color the vertices of P with c. Let G′ = G−P , and define the new list assignments
L′(v) = L(v)− {c} for every v ∈ G′. Then:
|V (G′)| ≤ 2(k − 1) + 1
χ(G′) ≤ k − 1
|L′(v)| ≥ k − 1 for all v ∈ V (G′)
so by minimality of our counterexample there is an acceptable coloring for G′
that does not use c, so together with coloring P with c there is an acceptable
coloring for G.
2.2 Near-acceptable colorings
We see that we can find a ”near-acceptable” coloring for G, that is, we allow
a vertex to get a color that is not on its list as long it is the only vertex to
receive that color and the color appears on many lists. We quantify this notion,
introduced in [11].
Definition 2.5. Let A be the set of singleton parts in the partition of V (G)
induced by f . We say that a color c ∈ C is frequent if one of the following is
true:
• NB(c)| ≥ k + 1.
• |NB(c) ∩ A| ≥ |V (G)| − |C| = γ.
Definition 2.6. We say a coloring f is near-acceptable for a list assignment L
if for every vertex v ∈ V (G), either:
• f(v) ∈ L(v), or
• f(v) is frequent and f−1(f(v)) = {v}.
That is, a coloring is near-acceptable if a vertex either gets a color in its list, or
gets a frequent color that no other vertex uses.
We will show that if we have enough frequent colors then we have a near-
acceptable coloring for L. In the graph Bf this is going to be a matching in
which there might be some edges that do not exist, but such missing edges join
singleton classes with frequent colors.
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Proposition 2.7. If C contains at least k frequent colors, then there is a near-
acceptable coloring for L.
Proof. Let F be a set of k frequent colors. We construct a near acceptable coloring
applying a greedy procedure in three steps.
Step 1: Take V1 ⊆ V (G) and f1 : V1 → C \ F an acceptable partial coloring such
that V1 has the maximum number of vertices possible, and subject to this, such
that it has vertices of the maximum number of parts possible.
Step 2: For every part P , define RP := P \ V1. Order the parts P1, ..., Pk so that
|RP1| ≥ ... ≥ |RPk |. For each part Pi we try to color the vertices yet uncolored,
namely the ones in RPi , with a frequent color that we have not used yet and such
that it is in the lists of all the vertices in RPi . We stop at i+ 1 when we cannot
do this anymore. This gives us the sets:
V2 :=
i⋃
j=1
RPj ,
V3 :=
k⋃
j=i+1
RPj ,
and a partial acceptable coloring f2 : V2 → F . If i = k we have found an
acceptable coloring. Suppose i < k and there is no frequent color available for all
vertices of RPi+1.
Step 3: Let U ⊂ F be the set of frequent colors that have not been used in step
2. We have |U | = k − i. If |V3| ≤ k − i we can map each of the vertices of V3 to
U injectively and this mapping f3 : V3 → U is a near-acceptable coloring, since
each vertex gets a frequent color that is only used for that vertex.
Suppose that |V3| ≥ k − i + 1. Then by the ordering of the Pi’s we have that
|RPi+1 | ≥ 2 and this implies |V2| ≥ i|RPi+1| ≥ 2i. Since |V (G)| = 2k + 1, we get
|V1 ∪ V2| = |V (G)| − |V3| ≤ (2k + 1)− (k − i+ 1) = k + i,
and so
|V1| ≤ (k + i)− |V2| ≤ (k + i)− 2i = k − i.
Let us show that V1 has precisely k − i vertices. For this we use the fact that
every color of U is not in L(v) for at least one vertex v ∈ RPi+1 . Every vertex of
RPi+1 has k colors in its list, and |F | = k, so the colors of C \ F appear at least
|U | = k− i times in the lists of the vertices in RPi+1 . If c ∈ C \ F is in the list of
j > 0 vertices of RPi+1 , then:
• c was not used in step 1 to color any vertices of Pi+1, otherwise we would
have colored these j vertices in step 1 and would have got a larger V1.
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• At least j vertices received the color c in step 1, otherwise we could change
those vertices for our j vertices of RPi+1 in step 1 and would have got a
larger V1.
Since the colors of C \ F appear at least k − i times in the lists of RPi+1 , we
have that at least k − i vertices of V (G) − Pi+1 have been colored in step 1. So
|V1| ≥ k − i. So indeed |V1| = k − i and V1 ∩ Pi+1 = ∅.
Since RPi+1 = Pi+1 we have that |RPi+1| = |Pi+1| ≥ 3 by Corollary 2.1. Then:
|V2| ≥ i|RPi+1 | ≥ 3i, so
|V1| ≤ (k + i)− |V2| ≤ (k + i)− 3i = k − 2i,
and this implies i = 0, and |V1| = k, |V2| = 0, U = F and RP1 = P1 (because
V1 ∩ Pi+1 = ∅). Now, we have k frequent colors that we have not used and k + 1
vertices to color. If we can find one color that is in the lists of two vertices of the
same part, we can map the rest of the vertices injectibly to the remaining colors
and we obtain a near-acceptable coloring.
We want to find c ∈ F available for u, v ∈ P1. The colors of C \ F appear in the
lists of P1 at most |V1| = k times by the maximality of V1. Since P1 has at least
size 3 and each list has at least size k, we have that the colors of F appear in the
lists of P1 at least 2k times. But |F | = k, so by the pigeonhole principle there is
a color c ∈ F which appears at least in two lists of P1.
We next show that if we have a near-acceptable coloring, then we can find an
acceptable coloring.
Proposition 2.8. If there exists a near-acceptable coloring for L, then there
exists an acceptable coloring for L.
Proof. If we have a matching in Bf that saturates Vf then we have an acceptable
coloring for our graph, so we suppose that we do not have such a matching. By
Hall, this implies that there exists S ⊆ Vf such that |NBf (S)| < |S|.
This means that there is a vertex in S, that is, f−1(c∗) ∈ S such that c∗ /∈ NBf (S)
In particular c∗ /∈ NBf (f−1(c∗)). So there exists a vertex v ∈ V (G) such that
f(v) = c∗ and c∗ /∈ L(v). Since the coloring is near-acceptable, this means c∗ is a
frequent color and v is the only vertex colored with c∗.
Case 1: c∗ appears in at least k + 1 lists. Then:
L(v) = NBf (f
−1(c∗)) ⊆ NBf (S),
so |NBf (S)| ≥ k. By our choice of S, we have that |S| > |NBf (S)| ≥ k. We see
that |S| ≤ k to reach a contradiction.
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Since c∗ /∈ NBf (S), every color class of S ⊆ Vf must contain a vertex that does
not have c∗ in its list. But c∗ appears in at least k + 1 lists, so there are at most
|V (G)| − (k + 1) = (2k + 1)− (k + 1) = k vertices that can have a list in which
c∗ does not appear, so |S| ≤ k.
Case 2: c∗ appears in more than γ = |V (G)| − |C| lists of singletons.
We assume that f is surjective and that our choice of S maximizes |S|−|NBf (S)|.
By maximality of S we then have that for every T ⊆ Vf \S, |NBf (T )−NBf (S)| ≥
|T |. By Hall there is a matching in Bf −NBf (S) that saturates Vf \ S.
We are assuming that c∗ appears in the lists of at least γ singletons and that
c∗ /∈ NBf (S). This implies that the singletons that have c∗ in their list are all in
Vf \ S.
Our near acceptable coloring g : V (G)→ C is a partial acceptable coloring when
restricted to Vf \ S → C \ NBf (S), since we have a matching, and also when
restricted to the classes with more than one element of S, because if f(v) /∈ L(v)
then v is a singleton. Combining these two we have that the only thing that
remains is to color the singletons of S. We define G′ as the singletons of S, and
l as the number of classes with more than one element. Then we have:
|V (G′)| ≤ 2(k − l) + 1,
χ(G′) ≤ k − l,
|L′(v)| ≥ k − l for all v ∈ V (G′),
because we are taking from G at least all elements of classes of more than one
element, so |V (G′)| ≤ (2k+ 1)− 2l = 2(k− l) + 1 and χ(G′) ≤ k− l. For the last
inequality, in which L′(v) is the new list obtained by removing all colors used in
the partial acceptable coloring of G \G′, we only need to see that g(G \G′) uses
at most l colors of NBf (S). But this is true because
#classes with more than one element or classes of Vf \ S−
−#classes of Vf \ S ≤
≤ #classes with more than one element = l,
and this tells us that the total number of colors used in the partial coloring, minus
the colors that are not in NBf (S) is at most l.
By minimality of our counterexample G we then have that there exists an accept-
able coloring for G′, which combined with the partial acceptable coloring that we
have for G \G′ gives an acceptable coloring for G.
Later in the proof we will use again the last argument we used in 2.8. We write
it as a lemma.
Lemma 2.9. Let S ⊆ Vf that maximizes |S| − |NBf (S)| and assume f is sur-
jective. If there is a matching M in Bf −NBf (S) saturating Vf − S and Vf − S
contains at least γ singletons of G, then there is an acceptable coloring for L.
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2.3 Counting
The previous section tells us that our minimal counterexample G must have less
than k frequent colors. Let b = #non-singleton parts of G. In this section we
see that G actually has less than b frequent colors and this will lead us to a
contradiction. First we need the following proposition:
Proposition 2.10. c ∈ C is frequent if and only if c ∈ L(v) for every singleton
v of G.
Proof. Let c be a frequent color and suppose c is not in the list of a singleton v.
Then we add c to L(v). By minimality of G then there is an acceptable coloring
with this new list, and this acceptable coloring must assign c to v. So for the
original lists there is a near-acceptable coloring, and by 2.8 this means there is
an acceptable coloring.
Suppose now that c is in the list of every singleton. If we see that G has more than
γ singletons then c is frequent. Suppose that there are less than γ singleton parts,
that is, suppose that k−b < γ. Let F ′ be the set of colors that appear on at least
k + 1 lists (a subset of frequent colors). Then, a color from C \ F ′ can appear at
most in k lists, and a color from F ′ can appear at most in |V (G)|− b = 2k+ 1− b
lists, because the intersection of all the lists of a non-singleton part is empty,
so we remove every color from F ′ from the list of at least one vertex for each
non-singleton part. Therefore:
k|V (G)| ≤
∑
v∈V (G)
L(v) =
∑
c∈C
|NB(c)| ≤
≤ k|C \ F ′|+ (2k + 1− b)|F ′| = k|C|+ (k + 1− b)|F ′|.
And so:
|F ′| ≥ k(|V (G)| − |C|)
k + 1− b =
kγ
k + 1− b ≥ k.
But this is a contradiction because by 2.7 G cannot have k frequent colors.
Proposition 2.11. There are less than b frequent colors.
Proof. Suppose there exist b frequent colors c1, ..., cb, that by 2.10 are available
for every singleton. Label the singletons as vb+1, ..., vk and let Ab = {c1, ..., cb}.
Now for every i ∈ {b + 1, ..., k} we choose a color ci ∈ L(vi) \ Ai−1, where
Ai := Ai−1 ∪ {ci}. We define the new set of lists:
L′(v) =
{
Ak if v is a singleton
L(v) otherwise
in this new list assignment L′ there are k colors that are available for every
singleton, so there are k frequent colors, and by 2.7 and 2.8 there is an acceptable
coloring f ′ for L′.
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We construct an acceptable coloring f for the original list assignment L. For
every non-singleton vertex, we define f(v) = f ′(v).
Note that f ′ assigns to the singleton parts ofG a set of k−b colors disjoint from the
colors it assigns to the non-singleton parts of G. We denote the set of singletons
by S and this set of colors by f ′(S). Let S ′ := {vi sinlgeton : ci ∈ f ′(S)}. Then:
|S ′| = k − b− |f ′(S) ∩ Ab|,
and so
|S − S ′| = |f ′(S) ∩ Ab|
Now, for every singleton vi ∈ S ′ we we define f(vi) = ci. For the rest of the
singletons, that is for singletons v ∈ S \ S ′, we can map them bijectively to the
colors in f ′(S) ∩ Ab, which gives a near-acceptable coloring of G.
To reach a contradiction we only need to see that G has b colors that appear in
the lists of all singletons. In our graph B this corresponds to finding a large set
X of singletons such that NB(X) is small. In particular we see the following:
Proposition 2.12. If c∗ ∈ C is not available for every singleton, then there exists
a set of singletons X = Xc∗ such that:
• |X| ≥ k + 1− b− γ, and
• ∣∣⋃v∈X L(v)∣∣ ≤ 2k − |NB(c∗)|.
Proof. Let x be a singleton such that c∗ /∈ L(x). We define the following list
assignment:
L∗(v) =
{
L(x) ∪ {c∗} if v = x
L(v) otherwise
where L is the original list assignment. The by maximality of the lists there is
an acceptable list-coloring g, in which x must be the only vertex to receive the
color c∗ and for any other vertex g(v) ∈ L(v).
If there is a matching in Bf that saturates Vf then G is L-colorable, so there exists
a set S ⊆ Vf such that |S| > |NBf (S)|. We choose one such set that maximizes
|S| − |NBf |. Then, there is a matching M in Bf −NBf (S) that saturates Vf − S.
Since |NBf (S)| < |S| and for every color c 6= c∗ we have c ∼ f−1(c) in Bf , then
f−1(c∗) ∈ S and c∗ /∈ NBf (S), that is, every class of S contains at least one vertex
that does not have c∗ in its list. Therefore:
|NBf (S)| < |S| ≤ |V (G)| − |NBf (c∗)| ≤ 2k + 1− |NBf (c∗)|.
We take X the set of singletons such that they are in S. Then⋃
v∈X
L(v) ⊆ NBf (S)
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and so ∣∣∣∣∣⋃
v∈X
L(v)
∣∣∣∣∣ ≤ 2k − |NBf (c∗)|.
Suppose |X| < k+1− b−γ. This means there are at least γ singletons in Vf −S.
Then by 2.9 there is an acceptable coloring for L.
We take c∗ a color that is not frequent, that is, it is not in the list of every
singleton, and such that it maximizes |NB(c∗)|, and we take the set X = Xc∗
given by the last proposition. Let Z be the set of the b − 1 colors that appear
more frequently in the lists of X, and let Y = NB(X)−Z. Notice that |Z| = b−1
and that if c1 ∈ Z and c2 ∈ Y , then |NB(c1)∩X| ≥ |NB(c2)∩X|. Since a frequent
color is in the list of every singleton, we are assuming that all (at most b) frequent
colors are in Z. Let c′ ∈ Y the a color that maximizes |NB(c′) ∩X|. We want to
see that |NB(c′)∩X| ≥ γ, which would make c′ frequent, and which would mean
that not all frequent colors are in Z, so there are more than b frequent colors and
we have reached a contradiction. The remaining part of the proof aims to see
that |NB(c′) ∩X| ≥ γ and it is a counting argument.
Definition 2.13. β := k − |NB(c∗)|.
Note that β ≥ 0 because c∗ is not a frequent color. First we need to prove some
inequalities:
Lemma 2.14. The following inequalities are satisfied:
• γ + b ≤ k.
• b ≤ k+1
2
.
• 2γ < k + 1− b.
Proof. In 2.10 we proved that k − b ≥ γ, so γ + b ≤ k.
Recall that non-singleton parts have size at least three, so (k−b)+3b ≤ |V (G)| ≤
2k + 1, and rearranging this expression we get b ≤ k+1
2
.
Recall that in the proof for 2.10 we saw that the set F ′ of colors that appear in
at least k + 1 lists satisfies
kγ
k + 1− b ≤ |F
′| ≤ b− 1,
ad by the previous inequality, b − 1 < k/2. Together these imply that 2γ <
k + 1− b.
Proposition 2.15. If β ≤ 2(k + 1− b− 2γ then |NB(c′) ∩X| ≥ γ.
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Proof. Recall that c′ maximizes |NB(c′)∩X| and note that since |Z| = b−1 then
for every vertex v ∈ X we have |L(v) ∩ Y | ≥ k − (b− 1) = k + 1− b. Therefore:
|Y ||NB(c′) ∩X| ≥
∑
c∈Y
|NB(c) ∩X| =
∑
v∈X
|L(v) ∩ Y | ≥ |X|(k + 1− b).
Reordering this expression and using 2.12 we get:
|NB(c′) ∩X| ≥|X|(k + 1− b)|Y | =
|X|(k + 1− b)
|NB(X)|+ 1− b ≥
≥(k + 1− b− γ)(k + 1− b)
2k − |NB(c∗)|+ 1− b =
(k + 1− b− γ)(k + 1− b)
β + k + 1− b
Since by 2.9 2γ < k + 1 − b and β ≥ 0, if β ≤ 2(k + 1 − b − 2γ) then 0 ≤ βγ <
(k+ 1− b− 2γ)(k+ 1− b). Therefore we take the last inequality and multiply in
the numerator and denominator by γ and we get:
|NB(c′) ∩X| ≥γ(k + 1− b− γ)(k + 1− b)
γβ + γ(k + 1− b) >
>
γ(k + 1− b− γ)(k + 1− b)
(k + 1− b− 2γ)(k + 1− b) + γ(k + 1− b) = γ.
The following proposition completes the proof with a factor of four to spare:
Proposition 2.16. β < 1
2
(k + 1− b− 2γ).
Proof. Recall that c∗ maximizes |NB(c∗)| and that there are less than b frequent
colors. Note that, for every color c ∈ C, |NB(c)| ≤ |V (G)| − b since by 2.4 every
non-singleton part has empty intersection of lists. Let F be the set of frequent
colors. Then:
|V (G)|k = (2k + 1)k ≤
∑
v∈V (G)
|L(v)| =
∑
c∈C
|NB(c)| ≤
≤ |C − F ||NB(c∗)|+ |F |(2k + 1− b) ≤
≤ (2k + 1− γ − b+ 1)|NB(c∗)|+ (b− 1)(2k + 1− b).
Substituting |NB(c∗)| = k − β and rearranging we have:
(2k + 2− γ − b)β ≤ (−γ − b+ 1)k + (b− 1)(2k + 1− b) =
= (b− 1)(k + 1− b)− kγ.
By 2.14 we have that γ + b ≤ k, so γ + b < 2k + 2, and that b ≤ k+1
2
. Dividing
both sides of the inequality by (2k + 2− γ − b) we get:
β ≤ (b− 1)(k + 1− b)− kγ
2k + 2− γ − b <
1
2
k(k + 1− b− 2γ)
2k + 2− γ − b ≤
≤
1
2
k(k + 1− b− 2γ)
k + 2
<
1
2
k(k + 1− b− 2γ).
Chapter 3
Proof of Theorem 1.7
In this chapter we adapt a proof by Noel, West, Wu and Zhu [12] to prove Theorem
1.7, which implies Theorem 1.5 for our generalized definition of f -colorings. We
use the notation χ(G) and χL(G) for the chromatic and list chromatic numbers
associated to these f -colorings, independently of the chosen f . Similarly to the
proof for Theorem 1.6, the list coloring found in the proof respects the parts of
an original coloring, and so the proof is valid for any general notion of f -coloring.
3.1 Preliminaries
We use the notation n = |V (G)| and k = χ(G). The first remark is that we only
need to prove Theorem 1.7 for graphs with n ≥ 2χ(G) + 2. For smaller values of
n the statement is equivalent to Ohba’s conjecture. In this case, we suppose that
Theorem 1.7 fails, and take a minimal counterexample G on n ≥ 2k + 2, and a
list assignment L with lists of size greater than k+ 1 such that G does not admit
an L-coloring.
We use the same notation from Chapter 2. Similarly to the proof for Ohba’s
conjecture, the first observation to make is that we may assume |C| < n by
Lemma 2.2. Next, we find more specific restrictions on G and L for this problem,
beginning with the following proposition.
Proposition 3.1. Let A be a stable set in G whose lists have a common color.
Then ⌈ |V (G− A)|+ χ(G− A)− 1
3
⌉
=
⌈
n+ k − 1
3
⌉
.
Proof. Let c be a color that is in every list of A. For every vertex v ∈ G− A let
L′(v) = L(v)− {c}.
Since |L(v)| ≥ k + 1 and G is minimal, then |L′(v)| ≥ k ≥ χ(G − A), and
|L′(v)| ≥ ⌈n+k−1
3
⌉
.
19
20 3.1. PRELIMINARIES
If
⌈
|V (G−A)|+χ(G−A)−1
3
⌉
<
⌈
n+k−1
3
⌉
, then |L′(v)| ≥ max{χ(G−A),
⌈
|V (G−A)|+χ(G−A)−1
3
⌉
},
and by the minimality of G this means there is an L′-coloring of G−A. We can
extend this to a coloring of G by giving the color c to A, which is a contradic-
tion. So
⌈
|V (G−A)|+χ(G−A)−1
3
⌉
≥ ⌈n+k−1
3
⌉
, and in fact there is equality because
(G− A) ⊆ G.
Corollary 3.2. The lists on a part of size two are disjoint.
Proof. Let A be a part of size two with a shared color. Then⌈ |V (G− A)|+ χ(G− A)− 1
3
⌉
=
⌈
(n− 2) + (k − 1)− 1
3
⌉
<
⌈
n+ k − 1
3
⌉
,
which contradicts 3.1.
Corollary 3.3. Each color appears in at most two lists in each part in G.
Proof. If there is a part A in which three vertices have a common color, then⌈
|V (G−A)|+χ(G−A)−1
3
⌉
≤
⌈
(n−3)+k−1
3
⌉
<
⌈
n+k−1
3
⌉
, contradicting 3.1.
Lemma 3.4. α(G) ≤ 4.
Proof. Let A be a stable set in G. By 3.3, each color appears in at most two lists
of A, and 2.2 bounds the number of colors. So we have:
∑
v∈A
|L(v)| ≤ 2
∣∣∣∣∣∣
⋃
v∈V (G)
L(v)
∣∣∣∣∣∣ ≤ 2(n− 1).
Also,
∑
v∈A |L(v)| ≤ |A|
⌈
n+k−1
3
⌉
. Together, these inequalities yield |A| ≤ 6 n−1
n+k−1 ,
so |A| ≤ 5. If there was inequality then n ≥ 5k + 1 and there would be a part of
size 6, but this is a contradiction with |A| ≤ 5, so |A| ≤ 4.
Lemma 3.5. n+k−1
3
is an integer.
Proof. Take A a largest part of G, so n ≤ k|A|. Suppose the lists of A are disjoint.
Then:
n ≤ k|A| ≤
∑
v∈A
|L(v)| =
∣∣∣∣∣⋃
v∈A
L(v)
∣∣∣∣∣ ≤
∣∣∣∣∣∣
⋃
v∈V (G)
L(v)
∣∣∣∣∣∣ < n
Therefore A must contain two vertices with lists with non-empty intersection,
and we know it cannot be the whole part. Let this two vertices be A′ ⊂ A. Then:⌈ |V (G− A′)|+ χ(G− A′)− 1
3
⌉
≤
⌈
(n− 2) + k − 1
3
⌉
=
⌈
n+ k − 1
3
⌉
.
If n+k−1
3
is not an integer, then it is a contradiction with 3.1.
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Let ki be the number of parts of G of size i. Note that
∑4
i=1 ki = k and
∑4
i=1 iki =
n.
Corollary 3.6. The following relations are satisfied:
(a) n+k−1
3
= k + k4 − k1−k3+k4+13 and both fractions are integers.
(b) n+k−1
3
+ k
3
≥ k + k4 + 2k3−13 .
(c) 2(n+k−1)
3
= n+ k1−k3−2k4−2
3
= k + k3 + 2k4 +
k+2k2+k3−2
3
.
Proof. (a) n+ k = 2k1 + 3k2 + 4k3 + 5k4 = 3k− k1 + k3 + 2k4. Both fractions are
integers because of the previous lemma.
(b) We have k ≥ k1 + k3 + k4, so k3 ≥ k1+k3+k43 . Using (a) we have n+k−13 + k3 ≥
k + k4 − k1−k3+k4+13 + k1+k3+k43 = k + k4 + 2k3−13 .
(c) 2(n+ k) = 4k1 + 6k2 + 8k3 + 10k4 = 4k + 2k2 + 4k3 + 6k4.
3.2 Sufficient condition for an L-coloring
We have seen that G has parts of size at most four, and that a color appears in
at most two lists of one part, so if we find an L-coloring that is a refinement of
the partition of V (G), it has to be into parts of size at most two. We need to
see which pairs will be our parts of size two. For this we define what it means to
merge two vertices.
Definition 3.7. Merging two non-adjacent vertices u and v in G means replacing
them by a merged vertex w to which we assign the list L(w) = L(u) ∩ L(v).
We consider the bipartite graph B defined in Chapter 2, and we call B∗ the
graph that we obtain in the same way restricted to merged vertices. The next
section explains which mergings we want to perform, and in this section we see
that under certain conditions there is a matching in B∗ after the mergings. We
specify these conditions.
Let A be a part of G, then we denote A∗ as the resulting part after performing the
merges. Let t3 be the number of parts of size 3 having merged vertices. Let Z3
be a fixed set of
⌈
2
3
k3
⌉
parts of size 3. Let Z4 be a fixed set of max{0, k1−k3+k4+13 }
parts of size 4. We define the following properties:
(P1) t3 ≥ k3/3.
(P2) At least one merge occurs in every part of size 4.
(P3) For x, y, z ∈ A∗ distinct vertices, |L(x) ∪ L(y) ∪ L(z)| ≥ n − t3 − k4 (this
property applies to parts of size 3 that have not merged and to parts of size
4 with one merge).
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(P4) If |A∗| = |A| = 3 and x, y ∈ A∗, then |L(x) ∪ L(y)| ≥ k + k3 + k4.
(P5) If A ∈ Z3 and x, y ∈ A∗, then |L(x) ∪ L(y)| ≥ k + t3 + k4.
(P6) If |A| = 3 and x, y ∈ A∗, then |L(x) ∪ L(y)| ≥ k + k3/3 + k4.
(P7) If A ∈ Z4 and x, y ∈ A∗, then |L(x) ∪ L(y)| ≥ k + k4.
(P8) B∗ has a matching.
We want to use Hall’s theorem to find a matching in B∗. This requires that every
set of vertices S satisfies |L(S)| ≥ |S|. The intuition behind these properties is
that a large set S must contain vertices with large lists, but when the sets get
smaller we can eliminate such vertices (by merging them) and smaller bounds for
|L(S)| are enough. This is why the bounds get smaller when going through prop-
erties (P3)-(P7). Property (P8) simply says that when all the other properties
are satisfied, then we have a matching in B∗, which gives us a matching of B.
Lemma 3.8. When the merges satisfy (P1)-(P8), the resulting B has a matching.
Proof. By Hall’s theorem, we only need to see that every set of vertices S (after
the merges) satisfies |L(S)| ≥ |S|.
We an restrict S to only merged vertices by (P1)-(P7), and then (P8) guarantees
a matching in B∗ that we can extend to a matching of B.
By (P2), the mergings leave at most n − t3 − k4 vertices, so |S| ≤ n − t3 − k4.
Then (P3) gives us |L(S)| ≥ |S| for any S that contains three vertices from one
part. So we may consider S to have at most 2 vertices from each part, which
means that |S| ≤ k + k2 + k3 + k4 ≤ 2k.
If S contains both (unmerged) vertices from a part of size two, by 3.2 their lists
are disjoint, so |L(S)| ≥ 2k + 2 > |S|. So we can assume |S| ≤ k + k3 + k4. If
S contains two vertices from a part of size 3 with no merged vertices, then (P4)
gives us |L(S)| ≥ k + t3 + k4. So we can assume |S| ≤ k + t3 + k4. If S contains
two vertices from a parts of Z3, then (P5) gives us |L(S)| ≥ k + t3 + k4. So we
can assume |S| ≤ k + dk3/3e + k4 (since dk3/3e = k3 − |Z3|). If S contains two
vertices from any part of size 3, then (P6) gives us |L(S)| ≥ k + dk3/3e+ k4. So
we can assume |S| ≤ k + k4. If S contains two vertices from a part in Z4, then
(P7) gives us |L(S)| ≥ k + k4. So we can assume |S| ≤ k + k4 − |Z4| ≤ n+k−13
by 3.6 and the definition of Z4. Now |L(S)| ≥ |S| if S contains any unmerged
vertex, and (P8) applies.
3.3 Merges
In this section we describe the merges that we perform so that they satisfy the
properties (P1)-(P8). To guarantee (P3)-(P8) we want to merge vertices whose
lists have large intersection. We define what we consider a good merge.
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Definition 3.9. Let A be a part of G and l(A) = max{|L(u)∩L(v)| : u, v ∈ A}.
If |A| ≥ 3, a pair {u, v} ⊂ A is good if:
• |A| = 3 and |L(u) ∩ L(v)| ≥ k1+k4+1
3
, or
• |A| = 4 and |L(u) ∩ L(v)| ≥ |L(w) ∩ L(z)|, where {w, z} = A− {u, v}.
A good merge is the merge of a good pair. A is a good part if we can make a good
merge in it.
By definition, a part of size 4 is always a good part. The next few results show
that the parts of size 3 are also good.
Lemma 3.10. If A is a part of size 3, then
∑
({u,v}∈A2 )
|L(u) ∩ L(v)| ≥ k.
Proof. By 3.3 a color appears at most twice inA, and by 2.2 |C| = |⋃v∈V (G) L(v)| <
n, so we have:∑
({u,v}∈A2 )
|L(u) ∩ L(v)| =
∑
u∈A
|L(u)| − |L(A)| ≥ 3n+ k − 1
3
− (n− 1) = k.
Corollary 3.11. If |A| ≥ 3, then l(A) ≥ k/3.
Corollary 3.12. If |A| ≥ 3, a pair {u, v} ⊂ A that maximizes |L(u) ∩ L(v)| is
good.
Proof. By definition this is true when |A| = 4. When |A| = 3, we have k3 ≥ 1,
and by the previous corollary |L(u) ∩ L(v)| = l(A) ≥ k
3
≥ k1+k4+1
3
.
Lemma 3.13. A good part of size 3 A satisfies (P6).
Proof. Let A∗ = {x, y} be the part after merging a good pair, and let y be the
merged vertex. By 3.3 L(u) ∩ L(v) 6= ∅, so
|L(x) ∪ L(y)| = |L(x)|+ |L(y)| ≥ n+ k − 1
3
+
k1 + k4 + 1
3
= k +
k3
3
+ k4
by 3.6(a).
Lemma 3.14. A good part of size 4 A satisfies (P3) is (P1) holds.
Proof. Let A∗ = {x, y, z} be the part after merging a good pair, and let x be the
merged vertex. We know |L(x)| ≥ |L(y)∩L(z)| and L(x)∩L(y) = L(x)∩L(z) = ∅.
Therefore:
|L(x) ∪ L(y) ∪ L(z)| =|L(x)|+ |L(y)|+ |L(z)| − |L(y) ∩ L(z)| ≥
≥|L(y)|+ |L(z)| ≥ 2(n+ k − 1)
3
≥ n+ k1 − k3 − 2k4 − 2
3
24 3.3. MERGES
by 3.6(c). Since (P1) holds, we have t3 ≥ k3/3. We also have k1 ≥ 0 and
2k4/3 ≥ k4, so
|L(y)|+ |L(z)| ≥ n+ k1 − k3 − 2k4 − 2
3
≥ n− t3 − k4.
We now need to specify which merges to make so that (P1)-(P7) are satisfied.
For this we fix two sets Z3 and Z4 of parts of size 3 and 4 respectively and make
good merges in them. Finally we see that we can make merges outside Z3 ∪ Z4
so that (P8) is also satisfied.
Parts of size 3
We fix a set Z3 of
⌊
2k3
3
⌋
parts of size 3. Exactly
⌈
k3
3
⌉
parts of size 3 lie outside
Z3. We will take care of those parts later on. Recall that we have not yet given
a value t3 of parts of size 3 that will merge.
We set t3 to be the largest integer for which there exists Z
′
3 ⊆ Z3 of size t3−
⌈
k3
3
⌉
such that l(A) ≥ k+t3−1
3
for all A ∈ Z ′3. In Z3 we merge a pair in a part A that
achieves l(A) in its list intersection if and only if A ∈ Z ′3.
By 3.12 all these merges are good because they have maximum intersection. It
could be that Z ′3 is the empty set because no part has large enough list intersec-
tions, then t3 =
⌈
k3
3
⌉
. In any case, we always have t3 ≥ k3 .
Lemma 3.15. If one merge is made in each part of size 3 outside Z3, then (P1)
holds, (P3) holds for parts of size 3, (P4) and (P5) hold, and (P6) holds for parts
of size 3.
Proof. If one merge is made in each of the
⌈
k3
3
⌉
parts of size 3 outside Z3 then
the total number of parts of size 3 that have a merge is t3, so (P1) holds.
For parts of size 3, (P3) and (P4) apply only to parts that have not merged, that
is parts in Z3 − Z ′3. Those are the parts A such that l(A) ≤ k+t3−23 . Each color
appears in at most two lists in a part A, so we have that:
|L(A)| =
∑
v∈A
|L(v)| −
∑
({u,v}∈A2 )
|L(u) ∩ L(v)| ≥
≥3(n+ k − 1)
3
− 3(k + t3 − 2)
3
> n− t3 ≥ n− t3 − k4
proving (P3). For (P4) we take two vertices x, y ∈ A and we have:
|L(x) ∪ L(y)| =|L(x)|+ |L(y)| − |L(x) ∩ L(y)| ≥
≥2(n+ k − 1)
3
− k + t3 − 2
3
≥ k + k3 + 2k4 + 2k2
3
≥ k + k3 + k4
CHAPTER 3. PROOF OF THEOREM 1.7 25
using k3 ≥ t3 and 3.6(c).
Since k3 ≥ t3 and k3 ≥ k3/3, (P4) implies (P5) and (P6) for parts that do not
have a merge. Since (P5) only applies to parts in Z3, we only need to prove it
for parts in Z ′3. Let A = {x, y} ∈ Z ′3 and suppose y is the merged vertex. By 3.3
L(x) ∩ L(y) = ∅, so we have:
|L(x) ∪ L(y)| =|L(x)|+ |L(y)| ≥ n+ k − 1
3
+
k + t3 − 1
3
≥
≥k + k2 + 2k3 + t3
3
+ k4 − 2
3
≥ k + t3 + k4 − 2
3
using 3.6(b) and k3 ≥ t3. So (P5) is satisfied. We have already seen that (P6) is
satisfied for parts with a merge in 3.13. In fact to complete the proof of (P6) for
all parts we only need to specify a good merge in every part of size 3 outside Z3,
which we do later on.
Parts of size 4
Corollary 3.6(a) and n ≥ 2k+2 imply k1−k3+k4+1
3
is an integer smaller than k4, so
we can fix a set Z4 of max{0, k1−k3+k4+13 } parts of size 4. We describe the merges
in the parts that lie outside Z4 in the next subsection. In this one we describe
the merges in parts of Z4.
For A ∈ Z4 merge a pair {u, v} such that |L(u) ∩ L(v)| = l(A). Merge the
remaining pair {w, z} if |L(w) ∩ L(z)| ≥ s, where s = 2n−k+1
3
− k4. This number
is an integer by 3.5, and it is also larger than k
3
since s− k
3
> 2(n−k)
3
−k4 ≥ 6k43 −k4.
We have seen l(A) ≥ k3 in 3.11, so the list of any merged vertex in a part of Z4
has size at list k
3
.
Lemma 3.16. These mergings satisfy (P7).
Proof. (P7) applies only to parts A ∈ Z4. Let x, y ∈ A∗. We will show that
|L(x) ∪ L(y)| ≥ k + k4. We consider three cases.
Case 1: neither x nor y are merged vertices. By the construction of the merges,
this implies |L(x) ∩ L(y)| ≤ s− 1. Therefore:
|L(x) ∪ L(y)| =|L(x)|+ |L(y)| − |L(x) ∩ L(y)| ≥
≥2(n+ k − 1)
3
− 2n− k − 2
3
+ k4 = k + k4.
Case 2: x is not merged and y is merged. By 3.3, L(x) ∩ L(y) = ∅. Therefore:
|L(x) ∪ L(y)| = |L(x)|+ |L(y)| ≥ n+ k − 1
3
+
k
3
≥ k + k4 − 1
3
,
by 3.6(b) and the observations made about s. Since |L(x) ∪ L(y)| is an integer,
we have |L(x) ∪ L(y)| ≥ k + k4.
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Case 3: both x and y are merged vertices. We assume l(A) = |L(x)| ≥ |L(y)| ≥ s.
Since L(x) ∩ L(y) = ∅ by 3.3, we have
|L(x) ∪ L(y)| =|L(x)|+ |L(y)| ≥ 2s = n+ n− 2k + 2
3
− 2k4 >
>
4∑
i=1
iki − 2k4 ≥ k + k4.
Remaining merges
The following lemma tells us the work we have left to prove Theorem 1.5.
Lemma 3.17. If in addition to the merges already specified we can specify one
good merge in each part outside Z3 ∪ Z4 in such a way that (P8) holds, then
Theorem 1.5 is true.
Proof. Specifying any merge in each part of size 3 outside Z3 completes the proofs
of (P1),(P4) and (P5), and it completes the proof of (P3) for parts of size 3 by
3.15. If those merges are good, by 3.13 we also prove (P6).
We proved (P7) in the last subsection, since it only involves parts in Z4. Speci-
fying any merge in each part of size 4 outside Z4 completes the proof for (P2). If
these merges are good and we have specifies merges outside Z3, then by Corollary
3.14 we have (P3) for parts of size 4.
If the merges satisfy (P8) then Theorem 1.5 holds.
So we have reduced the proof of the theorem to merging a good pair in each part
outside Z3 ∪Z4 in such a way that (P8) holds. We can use (P7) to find this since
we have already proved it completely.
Let T be the set of all merged vertices in Z3 ∪ Z4. Let Y be the set of parts
outside Z3 ∪ Z4. We need to find distinct color for every vertex in T and every
part in Y such that for a part A ∈ Y its assigned color belongs to both lists of a
good pair in A, and for w ∈ T the color is in its list.
For A ∈ Y let LA be the set of colors that are in L(u) ∩ L(v) for some good pair
{u, v}. Let X be the family of sets LA and L(w) for A ∈ Y and w ∈ T . What
we need to do is find a matching in the bipartite graph (T ∪ Y,X). To do this
we again use Hall’s theorem.
Lemma 3.18. If A ∈ Y and |A| = 3, then |LA| ≥ k3 + k1+k43 .
Proof. We have seen that every part has at least one good pair. If a pair {u, v}
is not good, then by definition |L(u) ∩ L(v)| ≤ k1+k4
3
. At most two pairs are not
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good, so we have
|LA| ≥ k − 2(k1 + k4)
3
≥ k3 + k1 + k4
3
by 3.10 and k =
∑4
i=1 ki.
Lemma 3.19. If A ∈ Y and |A| = 4, then |LA| ≥ k3 + k4.
Proof. By the definition of a good pair and the fact that a color appears at most
in two lists in a part we have
|LA| ≥ 1
2
∑
({u,v}∈A2 )
|L(u) ∩ L(v)| =
∑
u∈A |L(u)|
2
− |
⋃
u∈A L(u)|
2
.
Since there are less than n colors, this means
|LA| ≥ 1
2
(
4(n+ k − 1)
3
− (n− 1)
)
=
n+ 4k − 1
6
> k ≥ k3 + k4
since n > 2k + 1.
The following lemma finds the desired matching and completes the proof.
Lemma 3.20. There is a matching in (T ∪ Y,X).
Proof. By Hall’s theorem, we only need to see that for every set S ⊆ X, the the
union of the lists indexed by S has size at least |S|.
By construction, each part of size 3 contributes at most one list to X, each part
of size 4 outside Z4 also contributes at most one, and each part in Z4 contributes
at most two. So |S| ≤ |X| ≤ k3 + k4 + |Z4|.
If S contains two lists for a part A then A ∈ Z4. By (P7), the union of these two
lists has size at least k + k4 ≥ |X|, so S contains at most one list from each part
and |S| ≤ k3 + k4. If S contains a list from a part of size 4 outside Z4, then by
3.19 we are done. So we assume it does not and so |S| ≤ k3 + |Z4|.
If S contains a list from a part A of size 3 outside Z3, then by 3.18 |LA| ≥
k3 +
k1+k4
3
. Since A has size 3, k3 ≥ 1 and so k1+k43 ≥ max{0, k1−k3+k4+13 } = |Z4|
so |LA| ≥ |S|.
So we can assume that S contains only lists of parts in Z3 ∪Z4, and at most one
list for each part. In Z3 we only merged vertices from Z
′
3, so
|S| ≤ |Z ′3|+ |Z4| = t3 −
⌈
k3
3
⌉
+ max{0, k1 − k3 + k4 + 1
3
}.
By construction, the list of any merged vertex in Z ′3 has size at least
⌈
k+t3−1
3
⌉
.
Since t3 ≤ k3, we have
⌈
k+t3−1
3
⌉ ≥ |Z ′3|+ |Z4|.
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So S contains lists from at most one merged vertex in each part of Z4, so |S| ≤
|Z4| = max{0, k1−k3+k4+13 }. We have seen that a list of a merged vertex in Z4 has
size at least k
3
. Since k ≥ k1 − k3 + k4 and k1−k3+k4+13 is an integer by 3.6(a), we
have that the size of the union of the lists in S is always at least |S|.
Chapter 4
Tightness
In this chapter we see examples showing that Ohba’s conjecture is tight for the
ordinary, acyclic and star chromatic numbers. For this we see examples of graphs
of n = 2k + 2 vertices, chromatic number k and a list assignment L with lists of
size k such that the graphs are not L-colorable.
The bound for the list chromatic number in Theorem 1.5 is also sharp. For the
particular case of k-partite graphs Km∗k a lower bound for the list chromatic
number is also known. We show a construction that gives this lower bound.
We will first review the examples which show the sharpness of the results for the
ordinary chromatic number. We next prove that these examples show also the
sharpness of our results for generalized colorings in the cases of the acyclic and
star chromatic numbers.
4.1 Ordinary chromatic number
Enomoto, Ohba, Ota and Sakamoto show in [3] that Ohba’s conjecture is the
best possible bound, giving a list assignment to the complete k-partite graph
K(4, 2, 2, ..., 2) that does not admit a coloring. In particular they prove the
following statement.
Theorem 4.1. The list chromatic number of the complete k-partite graph K(4, 2, ..., 2)
is k + 1 when k is even.
Proof. To prove this theorem give an explicit list assignment L toG = K(4, 2, ..., 2)
and see that G is not L-colorable.
Let V1, ..., Vk denote the parts of G, where V1 = {x1, x2, x3, x4} and Vi = {ui, vi}
for i = 2, ..., k.
Let A and B be disjoint lists of colors such that |A| = |B| = k. Partition these
sets as A = A1 ∪A2 ∪A3 ∪A4 and B = B1 ∪B2 so that |A1| = |A2|, |A3| = |A4|,
and |B1| = |B2| = k2 .We define the list assignment L:
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• In the parts of size 2: L(ui) = A and L(vi) = B.
• In V1: L(x1) = A1 ∪A3 ∪B1, L(x2) = A1 ∪A4 ∪B2, L(x3) = A2 ∪A4 ∪B1
and L(x4) = A2 ∪ A3 ∪B2.
Figure 4.1 shows this list assignment.
L(x1) = A1 ∪A3 ∪B1
L(x2) = A1 ∪A4 ∪B2
L(x3) = A2 ∪A4 ∪B1
L(x4) = A2 ∪A3 ∪B2
L(u2) = A
L(v2) = B
L(u3) = A
L(v3) = B
L(u4) = A
L(v4) = B
L(u5) = A
L(v5) = B
L(u6) = A
L(v6) = B
Figure 4.1: List assignment L for G = K(4, 2, ..., 2).
In an L-coloring of G we must use k − 1 colors of A to color u2, ..., uk and k − 1
colors of B to color v2, ..., vk. Thus only one color a ∈ A and one b ∈ B remain
to color V1. Suppose without loss of generality that b ∈ B1. Then, if a ∈ A1 ∪A4
the vertex x4 cannot be colored. If a ∈ A2 ∪A3 instead, the vertex x2 cannot be
colored. In any case, we have that χL(G) > k.
Noel [10] conjectured that the only complete k-partite graphs on 2k + 2 vertices
such that χL(G) > k are K(4, 2, ..., 2) and K(k/2− 1, k/2 + 1, k/2 + 1, k/2 + 1)
for even k.
For Theorem 1.5, Kierstead [8] showed that the complete k-partite graph with
parts of size 3 K(3, 3, ..., 3) = K3∗k has list chromatic number χL(K3∗k) = d4k−13 e,
proving that the bound given by the theorem is the best possible. Ohba [14]
generalized this result and proved that this is true for any complete k-partite
graph with parts of size 1 and 3. Concretely:
Theorem 4.2 (Ohba). Let k1, k3 be integers, and define k = k1 + k3 and n =
k1 + 3k3. If G is the complete k-partite graph with k1 parts of size 1 and k3 parts
of size 3, then
χL(K3∗k) = max{k,
⌈
n+ k − 1
3
⌉
}.
Proof. We have to prove the lower bound, since the upper bound is a consequence
of Theorem 1.5. If n ≤ 2k+1 it is proved by Theorem 1.4. So suppose ⌈n+k−1
3
⌉
>
k. We find a list assignment with lists of size
⌈
n+k−1
3
⌉ − 1 for which there is no
acceptable coloring of G.
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Let s = k1+2k3−1
3
and let X1, X2, X3 be disjoint sets of colors so that for i, j ∈
{1, 2, 3} we have
|Xi ∪Xj| ≥ b2sc =
⌈
n+ k − 1
3
⌉
− 1,
and
|X1 ∪X2 ∪X3| ≤ k1 + 2k3 − 1.
We assign the lists X1 ∪X2, X1 ∪X3 and X2 ∪X3 to the vertices of parts of size
3, and X1 ∪X2 ∪X3 to the vertices of parts of size 1. An acceptable coloring of
G must use at least 2 colors on each part of size 3, and 1 color on each part of
size 1. This means it must use at least k1 + 2k3 colors. This contradicts the fact
that |X1 ∪X2 ∪X3| ≤ k1 + 2k3 − 1.
Not all k-partite graphs have list chromatic number equal to
⌈
n+k−1
3
⌉
. Kierstead,
Salmon and Wang [9] proved that the complete k-partite graph K4∗k has list
chromatic number χL(K4∗k) = b3k2 c.
In general, the list chromatic number of complete k-partite graphs with parts of
equal size m is not known, but Noel, West, Wu and Zhu found a lower bound
[12]: ⌊
2k(m− 1)
m
⌋
≤ χL(Km∗k) ≤
⌈
k(m+ 1)− 1
3
⌉
The upper bound is Theorem 1.5, and the lower bound is useful for small m and
arises from the following construction.
Let C be a set of 2k − 1 colors, and split C into sets X1, ..., Xm of sizes
⌊
2k−1
m
⌋
and
⌈
2k−1
m
⌉
. We define the list assignment L as follows. In each part, assign
list C \ Xi to the i-th vertex. An L-coloring must use at least two colors in
each part, since the intersection of all lists of one part is empty. These pairs of
colors from every part are disjoint. Hence, the list coloring must use at least 2k
colors, but |C| = 2k − 1, so there is no L-coloring. Each list has size at least
2k − 1− ⌈2k−1
m
⌉ ≥ ⌊2k(m−1)
m
⌋
− 1, so χL(Km∗k) ≥
⌊
2k(m−1)
m
⌋
.
K4∗k attains this lower bound, and for m = 5 and larger the list chromatic
numbers have not been determined yet.
4.2 Acyclic chromatic number
A proper coloring of a graph is acyclic if every bichromatic subgraph induced by
this coloring is a forest. The acyclic chromatic number of a graph is the minimum
integer such that the graph admits a proper acyclic coloring.
We adapt the construction from the previous section to prove the tightness of
Ohba’s conjecture in the case of the acyclic chromatic number. We want a graph
G on n = 2k + 2 vertices and acyclic chromatic number k, and a list assignment
L such that G is not L-colorable.
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Starting from the complete k-partite graph K(4, 2, ..., 2) we remove some edges
until the acyclic chromatic number of the remaining graph is k, and so that we
can use the list assignment from the last section to prove that its list acyclic
chromatic number is larger than k.
Again, we denote G = V1 ∪ V2 ∪ ... ∪ Vk the parts of this graph, where V1 =
{x1, x2, x3, x4} and Vi = {ui, vi} for 0 = 2, ..., k. The subgraph induced by two
color classes cannot have cycles. For any two parts of size 2 of G, we remove the
edge uivj for i < j. For V1 and a part of size 2 Vi, we remove the edges vix2, vix3
and vix4. Figure 4.2 shows the edges remaining between parts.
uj
vj
ui
vi
x1
x2
x3
x4
ui
vi
Figure 4.2: Edges between parts in the graph G.
It is clear that with the list assignment L defined in the previous section, and
L-coloring of G must use k − 1 colors from A and k − 1 colors from B to color
u2, ..., uk and v2, ..., vk, since G has all the uiuj and vivj edges. Finally, with the
two remaining colors a ∈ A and b ∈ B we find that one vertex of V1 cannot be
colored.
In the last section we also saw that Theorem 1.7 was tight for complete k-partite
graphs with parts of size 1 or 3. For the acyclic chromatic number the same proof
adapts to see examples for which Theorem 1.7 is tight. One example could be
the following. Let G be the graph obtained by a complete k-partite graph with
k3 parts of size 3 and k1 parts of size 1 in which between any two parts of size
3 Pi = {ai, bi, ci} and Pj = {aj, bj, cj} the only edges are aiaj, bibj, cicj, aibj, bicj
for i < j. To each part of size 3 assign the lists L(ai) = X1 ∪ X2, L(bi) =
X1 ∪X3, L(ci) = X2 ∪X3, and to each part of size 1 the list X1 ∪X2 ∪X3. Then
the same argument as in the last section proves that χL(G) ≥ ⌈n+k−1
3
⌉
and the
lower bound is given by Theorem 1.7. Figure 4.2 shows the edges between parts
and the list assignment.
X1 ∪X2
X1 ∪X3
X2 ∪X3
X1 ∪X2
X1 ∪X3
X2 ∪X3
X1 ∪X2 ∪X3
Figure 4.3: Edges between parts in the graph G.
4.3 Star chromatic number
A proper coloring of a graph is a star coloring if every bichromatic subgraph
induced by this coloring is a forest of stars. The star chromatic number of a
CHAPTER 4. TIGHTNESS 33
graph is the minimum integer such that the graph admits a proper star coloring.
We see that Ohba’s conjecture is also a tight bound for the case of the star
chromatic number. Our example is again based on the complete k-partite graph
K(4, 2, ..., 2). First we define G maximal in edges such that its star chromatic
number is k.
Let G = V1 ∪ V2 ∪ ... ∪ Vk be the partition of this graph into color classes, where
V1 = {x1, x2, x3, x4} and Vi = {ui, vi} for 0 = 2, ..., k. The subgraph induced by
two color classes must be a forest of stars. For any two parts of size 2 Vi and Vj,
G has edges uiuj and vivj between them. For V1 and any part of size 2 Vi, G has
edges x1vi, x2ui, x3ui and x4ui. Figure 4.3 shows these edges.
uj
vj
ui
vi
x1
x2
x3
x4
ui
vi
Figure 4.4: Edges between parts in the graph G.
Again, we consider the list assignment L defined in section 4.1. To color the
vertices u2, ..., uk we must use k − 1 colors of A, since G contains all edges uiuj.
To color the vertices v2, ..., vk we must use k− 1 colors of B, since G contains all
edges vivj. Only two colors a ∈ A and b ∈ B remain, and by the argument used
in 4.1 it is clear that one vertex of V1 cannot be colored with a color in its list.
Theorem 1.7 is also tight for the star chromatic number. This means there are
graphs G such that χLs (G) =
⌈
n+k−1
3
⌉
. Like for the acyclic chromatic number, we
describe a graph for which the list assignments given in the proof for the ordinary
chromatic number are still valid to see that χLs (G) ≥
⌈
n+k−1
3
⌉
. One example could
be the following. Let G be the graph obtained by a complete k-partite graph with
k3 parts of size 3 and k1 parts of size 1 in which between any two parts of size
3 Pi = {ai, bi, ci} and Pj = {aj, bj, cj} the only edges are aiaj, bibj, cicj for i < j.
To each part of size 3 assign the lists L(ai) = X1 ∪X2, L(bi) = X1 ∪X3, L(ci) =
X2∪X3, and to each part of size 1 the list X1∪X2∪X3. Then the same argument
as in section 4.1 proves that χLs (G) ≥
⌈
n+k−1
3
⌉
and the lower bound is given by
Theorem 1.7. Figure 4.3 shows the edges between parts and the list assignment.
X1 ∪X2
X1 ∪X3
X2 ∪X3
X1 ∪X2
X1 ∪X3
X2 ∪X3
X1 ∪X2 ∪X3
Figure 4.5: Edges between parts in the graph G.
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Conclusions
We conclude this work by summarizing the obtained results and presenting prob-
lems that remain unsolved and are a natural continuation to this work.
We have seen that any graph G such that |V (G)| ≤ 2χ(G) + 1 is chromatic
choosable for any concept of coloring that can be expressed as an f -coloring.
Ohba’s conjecture gives the best possible bound for the ordinary, acyclic and
star chromatic numbers. However, the critical example fails for other chromatic
numbers, such as the distance k chromatic number, since any graph with large
such number cannot have many edges. The proof for Ohba takes a partition and
refines it, but it does not use at any point any information that the chromatic
number gives about this partition. It is possible that by using this information it
can be proved that for the distance k chromatic number and maybe other kinds
of more restricted chromatic numbers the bound is not tight. In other words, it
is possible that the equality between their list and plain versions is satisfied for
larger values of n than the one given by Theorem 1.6.
As for Noel, West, Wu and Zhu’s Theorem 1.5, we have found that the bound
is also true for generalized colorings. Again, it is a consequence of Theorem 1.7
and so it only depends on an initial partition of the vertex set of a graph.
Ohba [14] proved the tightness of Theorem 1.5 for the ordinary chromatic number.
More specifically, it is known to be tight for the complete k-partite graph with
parts os size 1 or 3. A lower bound is known for complete k-partite graphs with
fixed part size, and K4∗k achieves this lower bound. For larger part size the list
chromatic number should be found. For the acyclic and star chromatic number
the situation is similar to the examples of tightness for the Ohba conjecture: the
example for the ordinary chromatic number can be adapted to get one that proves
tightness for these generalized colorings. Again, for other colorings the proof is
no longer valid, and it is possible that Theorem 1.7 could be improved by using
properties of the coloring itself in the proof.
Ohba [14] in fact proved that equality in Theorem 1.5 holds only for complete k-
partite graphs with part sizes 1 or 3. This implies that the list chromatic number
of a graph on at most 3χ(G) vertices is bounded above by the list chromatic
number of the complete χ(G)-partite graph with part size 3. A similar result has
been conjectured by Noel [10] for graphs on at most mχ(G) vertices for fixed m.
Conjecture 4.3 (Noel). For m, k ≥ 2, let G be a k-chromatic graph on at most
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mk vertices. Then χL(G) is bounded above by the list chromatic number of the
complete k-partite graph with part size m.
Noel [10] also conjectures that if G is a complete k-partite graph on 2k+2 vertices,
then χL(G) > k if and only if k is even and either every part of G has size 1 or
3, or every part of G has size 2 or 4. It has been proved in [3] that these graphs
are not chromatic choosable. Any of these problems that have not been solved
yet can also be formulated for generalized colorings.
Let χ2(G) be the 2-distance chromatic number, that is, the ordinary chromatic
number of the square G2 of G. Every two color classes of a 2-distance coloring of G
induce a matching. We were not able to show that for the 2-distance chromatic
number χ2(G) = χ(G
2) the bound in Theorem 1.6 is not sharp. However we
conjecture that this is the case:
Conjecture 4.4. Let G be a graph with n = 2χ2(G) + 2. Then χ
L
2 (G) = χ2(G).
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